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Context: Neumann, Rolf and Steil (2012)

Adapted from Neumann (2013)

Target function steadily increasing:

u1  u2 ) y(u1)  y(u2)
<latexit sha1_base64="0tevmvKr6lzFL0KUYzcmGxhwhrg=">AAACE3icbZC7TsMwFIadcivlFmBksahALUOVBCQYK1gYC6IXqYkix3Vaq85FtgOKor4DC6/CwgBCrCxsvA1OmwFajmTp0/+fo+PzezGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl646vc794TLmgU3sk0Jk6AhiH1KUZSSa5+krgmtBmBiWtB+5YORxJxHj3AtKacOjzOvZytuqtXjYYxLbgIZgFVUFTL1b/sQYSTgIQSMyRE3zRi6WSIS4oZmVTsRJAY4TEakr7CEAVEONn0pgk8UsoA+hFXL5Rwqv6eyFAgRBp4qjNAciTmvVz8z+sn0r9wMhrGiSQhni3yEwZlBPOA4IBygiVLFSDMqforxCPEEZYqxooKwZw/eRE6VsM8bVg3Z9XmZRFHGRyAQ1ADJjgHTXANWqANMHgEz+AVvGlP2ov2rn3MWktaMbMP/pT2+QMVYJvC</latexit>
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Context: Neumann, Rolf and Steil (2012)

Adapted from Neumann (2013)

Target function steadily increasing:

u1  u2 ) y(u1)  y(u2)
<latexit sha1_base64="0tevmvKr6lzFL0KUYzcmGxhwhrg=">AAACE3icbZC7TsMwFIadcivlFmBksahALUOVBCQYK1gYC6IXqYkix3Vaq85FtgOKor4DC6/CwgBCrCxsvA1OmwFajmTp0/+fo+PzezGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl646vc794TLmgU3sk0Jk6AhiH1KUZSSa5+krgmtBmBiWtB+5YORxJxHj3AtKacOjzOvZytuqtXjYYxLbgIZgFVUFTL1b/sQYSTgIQSMyRE3zRi6WSIS4oZmVTsRJAY4TEakr7CEAVEONn0pgk8UsoA+hFXL5Rwqv6eyFAgRBp4qjNAciTmvVz8z+sn0r9wMhrGiSQhni3yEwZlBPOA4IBygiVLFSDMqforxCPEEZYqxooKwZw/eRE6VsM8bVg3Z9XmZRFHGRyAQ1ADJjgHTXANWqANMHgEz+AVvGlP2ov2rn3MWktaMbMP/pT2+QMVYJvC</latexit>

@

@u
y(u) � 0

<latexit sha1_base64="K15tLo4R8ypMk8Jk/ajLcUO4dL0=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR6qYkVdBl0Y3LCrYWmlAm00k7dDIJcxFC6Bu48VXcuFDErVt3vo2TNoi2/jDw8Z9zZub8QcKoVI7zZZWWlldW18rrlY3Nre0de3evI2MtMGnjmMWiGyBJGOWkrahipJsIgqKAkbtgfJXX7+6JkDTmtypNiB+hIachxUgZq28fe6FAOPMSJBRFbPJDUE9gWtMn0BsS6PTtqlN3poKL4BZQBYVaffvTG8RYR4QrzJCUPddJlJ/ld2NGJhVPS5IgPEZD0jPIUUSkn033mcAj4wxgGAtzuIJT9/dEhiIp0ygwnRFSIzlfy83/aj2twgs/ozzRinA8eyjUDKoY5uHAARUEK5YaQFhQ81eIR8gEpEyEFROCO7/yInQadfe03rg5qzYvizjK4AAcghpwwTlogmvQAm2AwQN4Ai/g1Xq0nq03633WWrKKmX3wR9bHN2I/nDE=</latexit>
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@

@u
y(u) � 0
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Context: Neumann, Rolf and Steil (2012)

Adapted from Neumann (2013)
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Adapting constraint to time series case

vs.

Static Case 
(Feedforward Neural Network)

Input
Output

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

Dynamic Case 
(Recurrent Neural Network)

Input
y(1), . . . , y(t� 1), y(t)

<latexit sha1_base64="Hx4rKCqc2XO3DvDbLazygkiF+oY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitFDLTBV0WXTjsoK9QDuUTJq2oZkLyRlhGLpw46u4caGIWx/CnW9jpp2Ftv4Q+PjPOUnO74aCK7CsbyO3tr6xuZXfLuzs7u0fmIdHbRVEkrIWDUQguy5RTHCftYCDYN1QMuK5gnXc6U1a7zwwqXjg30McMscjY5+POCWgrYFZjMt2pYr7wwBUFcdlwGc4NTRVBmbJqllz4VWwMyihTM2B+aXvoZHHfKCCKNWzrRCchEjgVLBZoR8pFhI6JWPW0+gTjyknmS8xw6faGeJRIPXxAc/d3xMJ8ZSKPVd3egQmarmWmv/VehGMrpyE+2EEzKeLh0aRwBDgNBE85JJRELEGQiXXf8V0QiShoHMr6BDs5ZVXoV2v2ee1+t1FqXGdxZFHRXSCyshGl6iBblETtRBFj+gZvaI348l4Md6Nj0VrzshmjtEfGZ8/f1CUzA==</latexit>

u(1), . . . , u(t� 1), u(t)
<latexit sha1_base64="kQv28L+huRebmRnLAvkO/C0JWao=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitFDLTBV0WXTjsoK9QDuUTJppQzMXkjNCGbpw46u4caGIWx/CnW9jpp2Ftv4Q+PjPOUnO70aCK7CsbyO3tr6xuZXfLuzs7u0fmIdHbRXGkrIWDUUouy5RTPCAtYCDYN1IMuK7gnXcyU1a7zwwqXgY3MM0Yo5PRgH3OCWgrYFZjMt2pYr7wxBUFcdlwGc4NTRVBmbJqllz4VWwMyihTM2B+aXvobHPAqCCKNWzrQichEjgVLBZoR8rFhE6ISPW0xgQnyknmS8xw6faGWIvlPoEgOfu74mE+EpNfVd3+gTGarmWmv/VejF4V07CgygGFtDFQ14sMIQ4TQQPuWQUxFQDoZLrv2I6JpJQ0LkVdAj28sqr0K7X7PNa/e6i1LjO4sijIjpBZWSjS9RAt6iJWoiiR/SMXtGb8WS8GO/Gx6I1Z2Qzx+iPjM8fbHiUwA==</latexit>

Output
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y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

Dynamic Case 
(Recurrent Neural Network)

Input
y(1), . . . , y(t� 1), y(t)

<latexit sha1_base64="Hx4rKCqc2XO3DvDbLazygkiF+oY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitFDLTBV0WXTjsoK9QDuUTJq2oZkLyRlhGLpw46u4caGIWx/CnW9jpp2Ftv4Q+PjPOUnO74aCK7CsbyO3tr6xuZXfLuzs7u0fmIdHbRVEkrIWDUQguy5RTHCftYCDYN1QMuK5gnXc6U1a7zwwqXjg30McMscjY5+POCWgrYFZjMt2pYr7wwBUFcdlwGc4NTRVBmbJqllz4VWwMyihTM2B+aXvoZHHfKCCKNWzrRCchEjgVLBZoR8pFhI6JWPW0+gTjyknmS8xw6faGeJRIPXxAc/d3xMJ8ZSKPVd3egQmarmWmv/VehGMrpyE+2EEzKeLh0aRwBDgNBE85JJRELEGQiXXf8V0QiShoHMr6BDs5ZVXoV2v2ee1+t1FqXGdxZFHRXSCyshGl6iBblETtRBFj+gZvaI348l4Md6Nj0VrzshmjtEfGZ8/f1CUzA==</latexit>

u(1), . . . , u(t� 1), u(t)
<latexit sha1_base64="kQv28L+huRebmRnLAvkO/C0JWao=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitFDLTBV0WXTjsoK9QDuUTJppQzMXkjNCGbpw46u4caGIWx/CnW9jpp2Ftv4Q+PjPOUnO70aCK7CsbyO3tr6xuZXfLuzs7u0fmIdHbRXGkrIWDUUouy5RTPCAtYCDYN1IMuK7gnXcyU1a7zwwqXgY3MM0Yo5PRgH3OCWgrYFZjMt2pYr7wxBUFcdlwGc4NTRVBmbJqllz4VWwMyihTM2B+aXvobHPAqCCKNWzrQichEjgVLBZoR8rFhE6ISPW0xgQnyknmS8xw6faGWIvlPoEgOfu74mE+EpNfVd3+gTGarmWmv/VejF4V07CgygGFtDFQ14sMIQ4TQQPuWQUxFQDoZLrv2I6JpJQ0LkVdAj28sqr0K7X7PNa/e6i1LjO4sijIjpBZWSjS9RAt6iJWoiiR/SMXtGb8WS8GO/Gx6I1Z2Qzx+iPjM8fbHiUwA==</latexit>

Output

?Constraints describe sensitivity 
of y w.r.t. uu<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>y

<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>
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(Recurrent Neural Network)

Input
y(1), . . . , y(t� 1), y(t)
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u(1), . . . , u(t� 1), u(t)
<latexit sha1_base64="kQv28L+huRebmRnLAvkO/C0JWao=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitFDLTBV0WXTjsoK9QDuUTJppQzMXkjNCGbpw46u4caGIWx/CnW9jpp2Ftv4Q+PjPOUnO70aCK7CsbyO3tr6xuZXfLuzs7u0fmIdHbRXGkrIWDUUouy5RTPCAtYCDYN1IMuK7gnXcyU1a7zwwqXgY3MM0Yo5PRgH3OCWgrYFZjMt2pYr7wxBUFcdlwGc4NTRVBmbJqllz4VWwMyihTM2B+aXvobHPAqCCKNWzrQichEjgVLBZoR8rFhE6ISPW0xgQnyknmS8xw6faGWIvlPoEgOfu74mE+EpNfVd3+gTGarmWmv/VejF4V07CgygGFtDFQ14sMIQ4TQQPuWQUxFQDoZLrv2I6JpJQ0LkVdAj28sqr0K7X7PNa/e6i1LjO4sijIjpBZWSjS9RAt6iJWoiiR/SMXtGb8WS8GO/Gx6I1Z2Qzx+iPjM8fbHiUwA==</latexit>

Output

Constraints describe sensitivity 
of y w.r.t. uu<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>y

<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

Constraints describe sensitivity 
of y w.r.t. timey

<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>
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Time-dependent Constraint*

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

*simplified to one-dimensional output
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Time-dependent Constraint*

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

*simplified to one-dimensional output

bound

coefficients

Number of time steps in history

network output
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Examples

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

Constraint Definition:
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Examples

• Upper (or lower) bound to the output: 

y(t)  0.4
<latexit sha1_base64="dNqfC2fydIZyxE4tTTBRnaY2hr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkJSC3osevFYwX5AE8pmu2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6PqscnXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F07u533uiUrFYPOosoX6Ex4KFjGBtJC+r60vkcYocuzms1hzbWQCtE7cgNSjQHla/vFFM0ogKTThWauA6ifZzLDUjnM4qXqpogskUj+nAUIEjqvx8cfMMXRhlhMJYmhIaLdTfEzmOlMqiwHRGWE/UqjcX//MGqQ5v/JyJJNVUkOWiMOVIx2geABoxSYnmmSGYSGZuRWSCJSbaxFQxIbirL6+TbsN2r+zGQ7PWui3iKMMZnEMdXLiGFtxDGzpAIIFneIU3K7VerHfrY9lasoqZU/gD6/MHxHSQMw==</latexit>

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

Constraint Definition:
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Examples

• Upper (or lower) bound to the output: 

• Steadily decreasing (or increasing) output: 

y(t)  0.4
<latexit sha1_base64="dNqfC2fydIZyxE4tTTBRnaY2hr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkJSC3osevFYwX5AE8pmu2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6PqscnXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F07u533uiUrFYPOosoX6Ex4KFjGBtJC+r60vkcYocuzms1hzbWQCtE7cgNSjQHla/vFFM0ogKTThWauA6ifZzLDUjnM4qXqpogskUj+nAUIEjqvx8cfMMXRhlhMJYmhIaLdTfEzmOlMqiwHRGWE/UqjcX//MGqQ5v/JyJJNVUkOWiMOVIx2geABoxSYnmmSGYSGZuRWSCJSbaxFQxIbirL6+TbsN2r+zGQ7PWui3iKMMZnEMdXLiGFtxDGzpAIIFneIU3K7VerHfrY9lasoqZU/gD6/MHxHSQMw==</latexit>

y(t)� y(t� 1)  0
<latexit sha1_base64="c/ARgGDtBMZtfZMFWvrUwAMJD3Q=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLiwzVdBl0Y3LCvYB7VAy6Z02NJMZkowwDAV/xY0LRdz6He78G9N2Ftp6ILmHc+4lN8ePOVPacb6tldW19Y3NwlZxe2d3b98+OGypKJEUmjTikez4RAFnApqaaQ6dWAIJfQ5tf3w79duPIBWLxINOY/BCMhQsYJRoI/Xt47SsK/gcm2Jut4J7HLDTt0tO1ZkBLxM3JyWUo9G3v3qDiCYhCE05UarrOrH2MiI1oxwmxV6iICZ0TIbQNVSQEJSXzdaf4DOjDHAQSXOExjP190RGQqXS0DedIdEjtehNxf+8bqKDay9jIk40CDp/KEg41hGeZoEHTALVPDWEUMnMrpiOiCRUm8SKJgR38cvLpFWruhfV2v1lqX6Tx1FAJ+gUlZGLrlAd3aEGaiKKMvSMXtGb9WS9WO/Wx7x1xcpnjtAfWJ8/jaiSpQ==</latexit>

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

Constraint Definition:
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Examples

• Upper (or lower) bound to the output: 

• Steadily decreasing (or increasing) output: 

• Periodically repeating output (with period P): 
 

y(t)  0.4
<latexit sha1_base64="dNqfC2fydIZyxE4tTTBRnaY2hr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkJSC3osevFYwX5AE8pmu2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6PqscnXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F07u533uiUrFYPOosoX6Ex4KFjGBtJC+r60vkcYocuzms1hzbWQCtE7cgNSjQHla/vFFM0ogKTThWauA6ifZzLDUjnM4qXqpogskUj+nAUIEjqvx8cfMMXRhlhMJYmhIaLdTfEzmOlMqiwHRGWE/UqjcX//MGqQ5v/JyJJNVUkOWiMOVIx2geABoxSYnmmSGYSGZuRWSCJSbaxFQxIbirL6+TbsN2r+zGQ7PWui3iKMMZnEMdXLiGFtxDGzpAIIFneIU3K7VerHfrY9lasoqZU/gD6/MHxHSQMw==</latexit>

y(t)� y(t� 1)  0
<latexit sha1_base64="c/ARgGDtBMZtfZMFWvrUwAMJD3Q=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLiwzVdBl0Y3LCvYB7VAy6Z02NJMZkowwDAV/xY0LRdz6He78G9N2Ftp6ILmHc+4lN8ePOVPacb6tldW19Y3NwlZxe2d3b98+OGypKJEUmjTikez4RAFnApqaaQ6dWAIJfQ5tf3w79duPIBWLxINOY/BCMhQsYJRoI/Xt47SsK/gcm2Jut4J7HLDTt0tO1ZkBLxM3JyWUo9G3v3qDiCYhCE05UarrOrH2MiI1oxwmxV6iICZ0TIbQNVSQEJSXzdaf4DOjDHAQSXOExjP190RGQqXS0DedIdEjtehNxf+8bqKDay9jIk40CDp/KEg41hGeZoEHTALVPDWEUMnMrpiOiCRUm8SKJgR38cvLpFWruhfV2v1lqX6Tx1FAJ+gUlZGLrlAd3aEGaiKKMvSMXtGb9WS9WO/Wx7x1xcpnjtAfWJ8/jaiSpQ==</latexit>

y(t)� y(t� P )  0

�y(t) + y(t� P )  0
<latexit sha1_base64="rGP/SVXq7/KjV32NGCnwB9/EVQI=">AAACG3icbVBNS8MwGE7n15xfVY9egkPZkI12CnocevE4wX3AWkaapVtYmpYkFUrZ//DiX/HiQRFPggf/jVnXg24+kLwPz/O+JO/jRYxKZVnfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmNzO/+0CEpCG/V0lE3ACNOPUpRkpLA7ORVFQV1qAu+m5V4Sl0GIGW45RqmXW2ZA3MslW3MsBlYuekDHK0BuanMwxxHBCuMENS9m0rUm6KhKKYkWnJiSWJEJ6gEelrylFApJtmu03hiVaG0A+FPlzBTP09kaJAyiTwdGeA1FguejPxP68fK//KTSmPYkU4nj/kxwyqEM6CgkMqCFYs0QRhQfVfIR4jgbDScZZ0CPbiysuk06jb5/XG3UW5eZ3HUQRH4BhUgA0uQRPcghZoAwwewTN4BW/Gk/FivBsf89aCkc8cgj8wvn4AIRKaog==</latexit>

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

Constraint Definition:



Constraint Optimization for Reservoir Learning of Multivariate Time Series
April 13, 2021Yannic Lieder

10

Examples

• Upper (or lower) bound to the output: 

• Steadily decreasing (or increasing) output: 

• Periodically repeating output (with period P): 
 

• Difference Quotient of arbitrary order

y(t)  0.4
<latexit sha1_base64="dNqfC2fydIZyxE4tTTBRnaY2hr0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkJSC3osevFYwX5AE8pmu2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6PqscnXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F07u533uiUrFYPOosoX6Ex4KFjGBtJC+r60vkcYocuzms1hzbWQCtE7cgNSjQHla/vFFM0ogKTThWauA6ifZzLDUjnM4qXqpogskUj+nAUIEjqvx8cfMMXRhlhMJYmhIaLdTfEzmOlMqiwHRGWE/UqjcX//MGqQ5v/JyJJNVUkOWiMOVIx2geABoxSYnmmSGYSGZuRWSCJSbaxFQxIbirL6+TbsN2r+zGQ7PWui3iKMMZnEMdXLiGFtxDGzpAIIFneIU3K7VerHfrY9lasoqZU/gD6/MHxHSQMw==</latexit>

y(t)� y(t� 1)  0
<latexit sha1_base64="c/ARgGDtBMZtfZMFWvrUwAMJD3Q=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLiwzVdBl0Y3LCvYB7VAy6Z02NJMZkowwDAV/xY0LRdz6He78G9N2Ftp6ILmHc+4lN8ePOVPacb6tldW19Y3NwlZxe2d3b98+OGypKJEUmjTikez4RAFnApqaaQ6dWAIJfQ5tf3w79duPIBWLxINOY/BCMhQsYJRoI/Xt47SsK/gcm2Jut4J7HLDTt0tO1ZkBLxM3JyWUo9G3v3qDiCYhCE05UarrOrH2MiI1oxwmxV6iICZ0TIbQNVSQEJSXzdaf4DOjDHAQSXOExjP190RGQqXS0DedIdEjtehNxf+8bqKDay9jIk40CDp/KEg41hGeZoEHTALVPDWEUMnMrpiOiCRUm8SKJgR38cvLpFWruhfV2v1lqX6Tx1FAJ+gUlZGLrlAd3aEGaiKKMvSMXtGb9WS9WO/Wx7x1xcpnjtAfWJ8/jaiSpQ==</latexit>

y(t)� y(t� P )  0

�y(t) + y(t� P )  0
<latexit sha1_base64="rGP/SVXq7/KjV32NGCnwB9/EVQI=">AAACG3icbVBNS8MwGE7n15xfVY9egkPZkI12CnocevE4wX3AWkaapVtYmpYkFUrZ//DiX/HiQRFPggf/jVnXg24+kLwPz/O+JO/jRYxKZVnfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmNzO/+0CEpCG/V0lE3ACNOPUpRkpLA7ORVFQV1qAu+m5V4Sl0GIGW45RqmXW2ZA3MslW3MsBlYuekDHK0BuanMwxxHBCuMENS9m0rUm6KhKKYkWnJiSWJEJ6gEelrylFApJtmu03hiVaG0A+FPlzBTP09kaJAyiTwdGeA1FguejPxP68fK//KTSmPYkU4nj/kxwyqEM6CgkMqCFYs0QRhQfVfIR4jgbDScZZ0CPbiysuk06jb5/XG3UW5eZ3HUQRH4BhUgA0uQRPcghZoAwwewTN4BW/Gk/FivBsf89aCkc8cgj8wvn4AIRKaog==</latexit>

HX

h=0

�hy(t� h)  c
<latexit sha1_base64="SRl+yPIcg3fg9dpKGWSpCxOnnj8=">AAACE3icbVDLSgMxFM3UV62vUZdugkWogmWmCroRim66rGAf0Kklk2Y6oUlmSDJCGeYf3Pgrblwo4taNO//G9LHQ1gMXDufcy733+DGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlr+8Gbstx6IVDQSd3oUky5HA0EDipE2Us8+8VTCe2kIr6CT3ae1DHoDxDkyUgZHJQ1PYXgMPUYg7tlFp+xMABeJOyNFMEO9Z395/QgnnAiNGVKq4zqx7qZIaooZyQpeokiM8BANSMdQgThR3XTyUwaPjNKHQSRNCQ0n6u+JFHGlRtw3nRzpUM17Y/E/r5Po4LKbUhEnmgg8XRQkDOoIjgOCfSoJ1mxkCMKSmlshDpFEWJsYCyYEd/7lRdKslN2zcuX2vFi9nsWRBwfgEJSACy5AFdRAHTQABo/gGbyCN+vJerHerY9pa86azeyDP7A+fwD9WZxP</latexit>

Constraint Definition:
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2. Embedding Constraints into the Neural Network 

3. Example: Forecasting of Satellite Images 

4. Future Work & Conclusion
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The Echo State Network (1/3)
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• feedforward 
• linear read-out

x(t) = �
�
Winu(t) +Wx(t� 1)

�

y(t) = Woutx(t)
<latexit sha1_base64="KxkQpVGiNQCjLQJb4nnBBQqYBCI="></latexit>

x1
<latexit sha1_base64="MWSDWkw1NdOauHNwPQkLknLX4o4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEM/o2k</latexit>

x2
<latexit sha1_base64="vdTCQWpAcdEoAqjXndSIH2U27gw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMOgo2l</latexit>

xNx
<latexit sha1_base64="7C3r2K5QoarZ+md2+oZQb/OTlNM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxJBfsB7bJk02wbms2GJCstS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpJFaFNkvBEdUKsKWeCNg0znHakojgOOW2Ho9uZ336iSrNEPJqJpH6MB4JFjGBjpfY4yO6D8TQoV9yqOwdaJV5OKpCjEZS/ev2EpDEVhnCsdddzpfEzrAwjnE5LvVRTickID2jXUoFjqv1sfu4UnVmlj6JE2RIGzdXfExmOtZ7Eoe2MsRnqZW8m/ud1UxNd+xkTMjVUkMWiKOXIJGj2O+ozRYnhE0swUczeisgQK0yMTahkQ/CWX14lrVrVu6jWHi4r9Zs8jiKcwCmcgwdXUIc7aEATCIzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AJHvj7g=</latexit>
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• high-dimensional 
• non-linear 
• recurrent

• feedforward 
• linear read-out

x(t) = �
�
Winu(t) +Wx(t� 1)

�

y(t) = Woutx(t)
<latexit sha1_base64="KxkQpVGiNQCjLQJb4nnBBQqYBCI="></latexit>

x1
<latexit sha1_base64="MWSDWkw1NdOauHNwPQkLknLX4o4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEM/o2k</latexit>

x2
<latexit sha1_base64="vdTCQWpAcdEoAqjXndSIH2U27gw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMOgo2l</latexit>

xNx
<latexit sha1_base64="7C3r2K5QoarZ+md2+oZQb/OTlNM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxJBfsB7bJk02wbms2GJCstS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpJFaFNkvBEdUKsKWeCNg0znHakojgOOW2Ho9uZ336iSrNEPJqJpH6MB4JFjGBjpfY4yO6D8TQoV9yqOwdaJV5OKpCjEZS/ev2EpDEVhnCsdddzpfEzrAwjnE5LvVRTickID2jXUoFjqv1sfu4UnVmlj6JE2RIGzdXfExmOtZ7Eoe2MsRnqZW8m/ud1UxNd+xkTMjVUkMWiKOXIJGj2O+ozRYnhE0swUczeisgQK0yMTahkQ/CWX14lrVrVu6jWHi4r9Zs8jiKcwCmcgwdXUIc7aEATCIzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AJHvj7g=</latexit>
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The Echo State Network (3/3)
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The Echo State Network (3/3)

• Minimize Training Error: 
 
 
 

✏RMSE =
����Y �Ytarget

����2

=
����WoutX�Ytarget

����2

=
����XT (Wout)T � (Ytarget)T

����2
<latexit sha1_base64="7J2A9NEWS+KhWPodFv5Y3AakEAQ="></latexit>
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The Echo State Network (3/3)

• Minimize Training Error: 
 
 
 

✏RMSE =
����Y �Ytarget

����2

=
����WoutX�Ytarget

����2

=
����XT (Wout)T � (Ytarget)T

����2
<latexit sha1_base64="7J2A9NEWS+KhWPodFv5Y3AakEAQ="></latexit>

y(t) = Woutx(t)
<latexit sha1_base64="jVVoGRxo3S5/yQYMJvyAiCGWbek="></latexit>
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✏RMSE =
����Y �Ytarget

����2

=
����WoutX�Ytarget

����2

=
����XT (Wout)T � (Ytarget)T

����2
<latexit sha1_base64="7J2A9NEWS+KhWPodFv5Y3AakEAQ="></latexit>

y(t) = Woutx(t)
<latexit sha1_base64="jVVoGRxo3S5/yQYMJvyAiCGWbek="></latexit>
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The Echo State Network (3/3)

• Minimize Training Error: 
 
 
 

• Equivalent to a Linear Least Squares Problem: 

✏RMSE =
����Y �Ytarget

����2

=
����WoutX�Ytarget

����2

=
����XT (Wout)T � (Ytarget)T

����2
<latexit sha1_base64="7J2A9NEWS+KhWPodFv5Y3AakEAQ="></latexit>

Wout = arg min
Wout

����XT (Wout)T � (Ytarget)T
����2

<latexit sha1_base64="3JeKqPjhgK1//OzS+t2nYvadwWg="></latexit>

y(t) = Woutx(t)
<latexit sha1_base64="jVVoGRxo3S5/yQYMJvyAiCGWbek="></latexit>
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The Echo State Network (3/3)

• Minimize Training Error: 
 
 
 

• Equivalent to a Linear Least Squares Problem: 

✏RMSE =
����Y �Ytarget

����2

=
����WoutX�Ytarget

����2

=
����XT (Wout)T � (Ytarget)T

����2
<latexit sha1_base64="7J2A9NEWS+KhWPodFv5Y3AakEAQ="></latexit>

Wout = arg min
Wout

����XT (Wout)T � (Ytarget)T
����2

<latexit sha1_base64="3JeKqPjhgK1//OzS+t2nYvadwWg="></latexit>

Linear Least Squares:

min ||AX� b||2
<latexit sha1_base64="KqfCUfnbSYfN5BvGcJ1KSMas9Z8=">AAACDXicbVC7TsNAEDyHVwivACXNiQCiIbIDEpQBGsogkYcUh+h8OSennM/W3RoROf4BGn6FhgKEaOnp+BsujwICI600mtnV7o4XCa7Btr+szNz8wuJSdjm3srq2vpHf3KrpMFaUVWkoQtXwiGaCS1YFDoI1IsVI4AlW9/qXI79+x5TmobyBQcRaAelK7nNKwEjt/J4L7B6SgEuc4oPh0A0I9Dw/OW/gI+ylw+FtyXXb+YJdtMfAf4kzJQU0RaWd/3Q7IY0DJoEKonXTsSNoJUQBp4KlOTfWLCK0T7qsaagkAdOtZPxNiveN0sF+qExJwGP150RCAq0HgWc6R8fqWW8k/uc1Y/DPWgmXUQxM0skiPxYYQjyKBne4YhTEwBBCFTe3YtojilAwAeZMCM7sy39JrVR0joul65NC+WIaRxbtoF10iBx0isroClVQFVH0gJ7QC3q1Hq1n6816n7RmrOnMNvoF6+MbnlWbQA==</latexit>

y(t) = Woutx(t)
<latexit sha1_base64="jVVoGRxo3S5/yQYMJvyAiCGWbek="></latexit>
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Reduction to Quadratic Program

min ✏RMSE
<latexit sha1_base64="1bKh9f+pPDs4Nd/lHtqojCESGas=">AAACC3icbZDLSsNAFIYn3q23qEs3Q4vgqiRV0GVRBDeCt1ahKWUyPdWhk0mYORFLyN6Nr+LGhSJufQF3vo3TNgtvPwz8fOcczpw/TKQw6HmfzsTk1PTM7Nx8aWFxaXnFXV1rmjjVHBo8lrG+CpkBKRQ0UKCEq0QDi0IJl2H/YFi/vAVtRKwucJBAO2LXSvQEZ2hRxy0HCHeYRULRnAaQGCEtzsb07Pj8MM87bsWreiPRv8YvTIUUOum4H0E35mkECrlkxrR8L8F2xjQKLiEvBamBhPE+u4aWtYpFYNrZ6JacblrSpb1Y26eQjuj3iYxFxgyi0HZGDG/M79oQ/ldrpdjba2dCJSmC4uNFvVRSjOkwGNoVGjjKgTWMa2H/SvkN04yjja9kQ/B/n/zXNGtVf7taO92p1PeLOObIBimTLeKTXVInR+SENAgn9+SRPJMX58F5cl6dt3HrhFPMrJMfct6/APCMm50=</latexit> min ||AX� b||2

<latexit sha1_base64="KqfCUfnbSYfN5BvGcJ1KSMas9Z8=">AAACDXicbVC7TsNAEDyHVwivACXNiQCiIbIDEpQBGsogkYcUh+h8OSennM/W3RoROf4BGn6FhgKEaOnp+BsujwICI600mtnV7o4XCa7Btr+szNz8wuJSdjm3srq2vpHf3KrpMFaUVWkoQtXwiGaCS1YFDoI1IsVI4AlW9/qXI79+x5TmobyBQcRaAelK7nNKwEjt/J4L7B6SgEuc4oPh0A0I9Dw/OW/gI+ylw+FtyXXb+YJdtMfAf4kzJQU0RaWd/3Q7IY0DJoEKonXTsSNoJUQBp4KlOTfWLCK0T7qsaagkAdOtZPxNiveN0sF+qExJwGP150RCAq0HgWc6R8fqWW8k/uc1Y/DPWgmXUQxM0skiPxYYQjyKBne4YhTEwBBCFTe3YtojilAwAeZMCM7sy39JrVR0joul65NC+WIaRxbtoF10iBx0isroClVQFVH0gJ7QC3q1Hq1n6816n7RmrOnMNvoF6+MbnlWbQA==</latexit>

min xQx

s.t. Gx  h
<latexit sha1_base64="hB3tvUcoXl1Po5PID+QitEhXlik=">AAACJXicbZDLSsNAFIYn9V5vUZduBoviKiRV0IUL0YUuFawKTSmT6YkdnEzCzIm0hLyMG1/FjQtFBFe+itMLeD0w8PN/5zDn/FEmhUHff3cqE5NT0zOzc9X5hcWlZXdl9dKkuebQ4KlM9XXEDEihoIECJVxnGlgSSbiKbo8H/OoOtBGpusB+Bq2E3SgRC87QWm33IEToYZEIRUu6FSYMu1Fc9M57ZRhWR8x46Fn4RU96NJRAu2XbrfmePyz6VwRjUSPjOmu7L2En5XkCCrlkxjQDP8NWwTQKLqGshrmBjPFbdgNNKxVLwLSK4ZUl3bROh8aptk8hHbrfJwqWGNNPIts5WNT8ZgPzP9bMMd5vFUJlOYLio4/iXFJM6SAy2hEaOMq+FYxrYXelvMs042iDrdoQgt8n/xWXdS/Y8ernu7XDo3Ecs2SdbJBtEpA9ckhOyRlpEE7uySN5Ji/Og/PkvDpvo9aKM55ZIz/K+fgE1lukzw==</latexit>

ESN Training
Linear  

Least Squares
Quadratic Program
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Constraints* to QP constraints

HX

h=0

�hy(t� h)  c

,
HX

h=0

�hW
outx(t� h)  c

,
 

HX

h=0

�hx(t� h)T
!

· (Wout)T  c
<latexit sha1_base64="tC8waWT9kBJgr2wnY7gM1j+c0Ww="></latexit>

*simplified to one-dimensional output
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Constraints* to QP constraints

HX
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�hy(t� h)  c

,
HX

h=0

�hW
outx(t� h)  c

,
 

HX

h=0

�hx(t� h)T
!

· (Wout)T  c
<latexit sha1_base64="tC8waWT9kBJgr2wnY7gM1j+c0Ww="></latexit>

*simplified to one-dimensional output
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Constraints* to QP constraints

HX

h=0

�hy(t� h)  c

,
HX

h=0

�hW
outx(t� h)  c

,
 

HX

h=0

�hx(t� h)T
!

· (Wout)T  c
<latexit sha1_base64="tC8waWT9kBJgr2wnY7gM1j+c0Ww="></latexit>

*simplified to one-dimensional output

Gx  h
<latexit sha1_base64="pqI9+dAajCDZ+kqlL5RJyX+LUq0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkVdFl0ocsK9gFNKJPpTTt08mBmIpYQcOOvuHGhiFt/wp1/46SNoK0HBs6ccy/33uPFnEllWV/GwuLS8spqaa28vrG5tW3u7LZklAgKTRrxSHQ8IoGzEJqKKQ6dWAAJPA5tb3SZ++07EJJF4a0ax+AGZBAyn1GitNQz952AqKHnp1f3GXY44J//MOuZFatqTYDniV2QCirQ6JmfTj+iSQChopxI2bWtWLkpEYpRDlnZSSTEhI7IALqahiQA6aaTGzJ8pJU+9iOhX6jwRP3dkZJAynHg6cp8Qznr5eJ/XjdR/rmbsjBOFIR0OshPOFYRzgPBfSaAKj7WhFDB9K6YDokgVOnYyjoEe/bkedKqVe2Tau3mtFK/KOIooQN0iI6Rjc5QHV2jBmoiih7QE3pBr8aj8Wy8Ge/T0gWj6NlDf2B8fAMeBJfT</latexit>
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Outline

1. Constraint Definition 

2. Embedding Constraints into the Neural Network 

3. Example: Forecasting of Satellite Images 

4. Future Work & Conclusion
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Satellite Image Time Series of the Harz (monthly)

Jan 2020 Feb 2020 March 2020 April 2020 May 2020 June 2020

July 2020 Aug 2020 Sep 2020 Oct 2020 Nov 2020 Dec 2020
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Noisy Images
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Training Task

• Given a time series of satellite images, predict upcoming month 

• Train on single pixels 

• Three inputs and three outputs per pixel (RGB)
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Boundary Constraints

0
1

0

1
0

1
R

G

B

(a)
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Boundary Constraints

0 0.5 1
0

0.5

1
0

0.35

1
R

G

B

(a)

noisy not noisy

(b)

Not noisy  
image pixels

Noisy image  
pixels
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Constraints

yR(t)  0.5

yG(t)  0.5

yB(t)  0.35
<latexit sha1_base64="RRJIkGrsPhkcGRXRZwrkXbQrC8k=">AAACK3icdVDJTgJBEO3BDXFDPXrpSDR4ITMg0SPBgx7RyJIwk0lPU0CHniXdPSYTwv948Vc86MElXv0Pm+WAoC+pyst7Vemu50WcSWWaH0ZqZXVtfSO9mdna3tndy+4fNGQYCwp1GvJQtDwigbMA6oopDq1IAPE9Dk1vcDX2mw8gJAuDe5VE4PikF7Auo0Rpyc1WE/cur87wqc0Bm4Wybbd1B9/JJO71f0Z1ziiV3WzOLJgT4GVizUgOzVBzsy92J6SxD4GinEjZtsxIOUMiFKMcRhk7lhAROiA9aGsaEB+kM5zcOsInWungbih0BQpP1PmNIfGlTHxPT/pE9eWiNxb/8tqx6l46QxZEsYKATh/qxhyrEI+Dwx0mgCqeaEKoYPqvmPaJIFTpeDM6BGvx5GXSKBasUqF4e56rVGdxpNEROkZ5ZKELVEE3qIbqiKJH9Ize0LvxZLwan8bXdDRlzHYO0S8Y3z/ic6FY</latexit>
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Difference Constraints
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Difference Constraints

→ 9 constraints at each time step in total
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Training Method
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Results (1/2)
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Results (2/2)
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Prediction Examples (1/3)
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Prediction Examples (2/3)

TargetESN CESN

Prediction

Error



Constraint Optimization for Reservoir Learning of Multivariate Time Series
April 13, 2021Yannic Lieder

28

Prediction Examples (3/3)
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Outline

1. Constraint Definition 

2. Embedding Constraints into the Neural Network 

3. Example: Forecasting of Satellite Images 

4. Future Work & Conclusion
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Future Work: Recursive Predictions
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Conclusion
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